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In this paper, some notes of the homogeneous balance (HB) method are discussed by a kind of
general fifth-order KdV (fKdV) equation. Frist, the auto-Ba¨cklund transformation and lax repre-
sents of the higher-order KdV equation(a specific forms of fKdV equation) are obtained by the HB
method. Then, the connection of the Hirota transformation and the HB method is discussed by two
specific fKdV equations: the Sawada-Kotera equation and the Lax’s equation. At the same time,
the solitary wave solution of the general fifth-order KdV equation is obtained.
From 70’s, a vast variety of the simple and direct methods to find analytic solutions of PDE have been developed.
Recently, the homogeneous balance (HB) method has drawn lots of interests in seeking the solitary wave solution[1]
and other kinds of solutions[2], the solitary wave solution of some nonlinear PDEs[3] have been obtained by this method
and the relation between the HB method and the CK method or Ba¨cklund transformation has been discussed[4]. Then
how doese the HB method connect with Lax pair and Hirota transformation? In this letter, the relation between the
HB method and other methods is discussed by a general fifth-order KdV equation. At the same time, the solitary
wave solution of a general KdV equation is obtained.
The general form of the fifth-order KdV is written as
ut + auxxxxx + buuxxx + cuxuxx + du
2ux = 0, (1)
where a, b, c and d are constants. The equation (1) includes lots of equations which have been studied widely [5],
when the special values of a, b, c, d are set. According to the HB method, first, supposing the transformation of u,
u =
N∑
i=0
f (i)(ω(x, t)), (2)
then substituting (2) into (1), and balancing the nonlinear term buuxxx+cuxuxx+du
2ux and the linear term auxxxxx,
N can be decided to be 2, thus the transformation (2) is order to be
u = f
′′
ω2x + f
′
ωxx. (3)
Substituting (3) into (1), and collecting all homogeneous terms in partial dericatives of ω(x, t), we have (because the
formula is so long, just one part of it is shown here)
(d(f ′′)2f (3) + cf (3)f (4) + bf ′′f (5) + af (7))ω7x + . . . . . . = 0. (4)
Setting the coefficient of ω7x in (4) to zero yields an ordinary differential equation for f
d(f ′′)2f (3) + cf (3)f (4) + bf ′′f (5) + af (7) = 0. (5)
Solving (5), the solution of the equation(5) is
f = α lnω, (6)
where α =
6b+3c±3
√
(2b+c)2−40ad
d
, it’s obviously that the parameter a, b, c, d need to satisfy (2b+ c)2− 40ad > 0. The
solution(6) yields
f (3)f (4) = − α
60
f (7), f ′′f (5) = − α
30
f (7), (f ′′)2f (3) =
α
360
f (7) . . . . . . , (7)
Substituting (7) into (4), formula (4) can be simplified to a linear polynomial of f ′, f ′′, . . ., then setting the coefficients
of f ′, f ′′, . . . to zero yields a set of partial differential equations for ω(x, t),
ωxxt + aω7x = 0,
−2ωxωxt − ωtωxx + (cα− 35a)ωxxxω4x + (bα− 21a)ωxxω5x − 7aωxω6x = 0,
2ωtω
2
x + (210a− 10bα− 3cα+ dα2)ω2xxωxxx + (140a− 4cα)ωxω2xxx + (210a− 5bα− 3cα)ωxωxxω4x
+(42a− bα)ω2xω5x = 0,
(630a− 30bα− 9cα+ 3dα2)ω3xx + (1260a− 30bα− 24cα+ 2dα2)ωxωxxωxxx + (210a− 5bα− 2cα)ω2xω4x = 0,
(2520a− 90bα− 42cα+ 8dα2)ω2xx + (840a− 20bα− 14cα+ dα2)ωxωxxx = 0,
(8)
1
Where the equation ωxxt+aω7x = 0 which is from the coefficients of f
′ is a linear PDE. It’s easy to know this equation
has the travelling wave solution
ω(x, t) = c0 + c1e
β(x−vt), (9)
where c0, c1and v are arbitrary constants, β = −(va )
1
4 . Substituting formula(9) into the set of equations (8), a set
of nonlinear algebraic equations are gotten. Solving the set of nonlinear algebraic equations, the parameter a, b, c, d
need to satisfy the formula
− 4b3 − 8b2c− 5bc2 − c3 + 40abd+ 30acd+ (10ad− c2 − 3bc− 2b2)
√
(2b+ c)2 − 40ad = 0. (10)
Then the exact solitary wave solution of the general fifth KdV equation is obtained,
u(x, t) =
3c0c1(2b+ c±
√
(2b+ c)2 − 40ad)√ve( va )
1
4 (x−vt)
√
ad(c1 + c0e(
v
a
)
1
4 (x−vt))2
. (11)
In this section, by the HB method, the auto-Ba¨cklund transformation and lax represents of a special fKdV equa-
tion[5] are obtained. The fKdV equation is
ut −
1
4
uxxxxx −
5
2
uuxxx − 5uxuxx −
15
2
u2ux = 0, (12)
where a = − 14 , b = − 52 , c = −5, d = − 152 . Base on the transformation (3), ordering
u = f
′′
ω2x + f
′
ωxx + v, (13)
where v is a function of x, t, repeating the step (4)-(7), we yield a set of partial differential equations (14-18) for
ω(x, t) and v(x, t)
− 60vvxωxx + 4ωxxt − 10ωxxvxxx − 30v2ωxxx − 20vxxωxxx − 20vxω4x − 10vω5x − ω7x = 0, (14)
60vvxω
2
x − 8ωxωxt − 4ωtωxx + 90v2ωxωxx + 60ωxvxxωxx + 10ω2xvxxx + 80vxωxωxxx
−20vωxxωxxx + 50vωxω4x − 5ωxxxω4x + ωxxω5x + 7ωxω6x = 0, (15)
4ωtω
2
x − 30v2ω3x − 20ω3xvxx − 60vxω2xωxx + 30vωxω2xx − 40vω2xωxxx − 5ω2xxωxxx + 10ωxω2xxx
+5ωxωxxω4x − 11ω2xω5x = 0, (16)
2vxω
3
x + ω
3
xx − 2ωxωxxωxxx + ω2xω4x = 0, (17)
and v(x, t) satisfies the equation
vt −
1
4
vxxxxx −
5
2
vvxxx − 5vxvxx −
15
2
v2vx = 0, (18)
which is the same as the equation (12) of u(x, t). Thus, the set of equation (13-18) constitute an invariant-Ba¨cklund
transformation of the fKdV equation (12). Considering the equation (17), the vx(x, t) can be solved
vx(x, t) = −
ω3xx − 2ωxωxxωxxx + ω2xωxxxx
ω3x
, (19)
then integrating the formula (19), we have
v(x, t) =
1
2
ω2xx
ω2x
− ωxxx
ωx
+ λ (20)
where λ is a integration constant, here 12
ω2
xx
ω2
x
− ωxxx
ωx
just is the Schwarzian derivative Sxω(x, t), namely v(x, t) =
Sxω(x, t) + λ. Substituting the formula(20) and the transformation(13) into the equation(12), the equation(12) can
be written to be
2
4ωt − ωx(Sxω(x, t))xx −
3
2
ωx(Sxω(x, t))
2 − 10λωxSxω(x, t)− 30λ2 = 0. (21)
According the equation(21), which is the form of the Schwarzian derivative of the equation (12), then it’s readily to
obtain the Lax pair[5]
νxx = αν, νt = βνx + γν,
where
α = λ − u, β = 1
2
uxx +
3
2
u2 + 2λu + 4λ2, γ = −1
2
βx + α,
Applied the HB method, the Schwarzian derivative forms of some nonlinear PDEs can be obtained, and the lax
representation of the PDEs can be gotten, such as the KdV, mKdV and the higher-order KdV.
In this section, the connection between Hirota transformation and HB method is discussed. In 1970’s, Hirota
developed a method to obtain the special solution of nonlinear PDE, namely, Hirota transformation which can
transform a nonlinear PDE to a bilinear form. For example, the Hirota transformation u = 2(lg f)xx can transfer the
KdV equation to [Dx(Dt +D
3
x) + λ]f · f = 0, where D is Hirota’s binary operator. It’s easy to verify that the Hirota
transformation u = 2(lg f)xx can be obtained from the HB method. Then can the Hirota transformation of the PDEs
be obtained from the HB method? In this paper, two special forms of the equation (1) (the Sawada-Kotera equation
and the Lax’s equation) are discussed. The Sawada-Kotera(SK) equation[5] is
ut + uxxxxx + 15uuxxx + 15uxuxx + 45u
2ux = 0. (22)
Substituting a = 1, b = 15, c = 15, d = 45 into the formula (6), the transformation (3) can be written to u = 2(lg f)xx,
which is the Hirota transformation for the SK equation. By this transformation the SK equation is transformed into
bilinear form [Dx(Dt +D
5
x)]f · f = 0. The Lax’s equation[5] is
ut + uxxxxx + 10uuxxx + 20uxuxx + 90u
2ux = 0. (23)
By the Hirota transformation u = 2(lg ω)xx, the Lax’s equation is transformed into bilinear form [Dx(Dt + D
5
x) −
5
3Dt(Dt + D
3
x)]f · f = 0. Substituting a = 1, b = 10, c = 20, d = 90 into the formula (6), the constrain condition
(2b+ c)2 − 40ad > 0 can’t be satisfied. This means the equation (5) has no real solution, and the real transformation
(3) is absent. So the HB method is invalid to the Lax’s equation, and the Hirota transformation u = 2(lgω)xx can’t be
obtained by HB method. These results show that the HB method can’t be use to obtain the Hirota transformation,
even in a kind of nonlinear PDE, but for some famous equations(KdV, mKdV, KP, Bugers and etc) the Hirota
transformation can be obtained by the HB method.
In summary, a kind of general fifth-order KdV equation, which includes lots of fifth-order KdV [5], is investigated in
this paper. The solitary wave solution of the fKdV equation is obtained. The auto-Ba¨cklund transformation and lax
represents(which has been obtain by other methods) of a integrate PDE(the higher-order KdV equation) are obtained
by the HB method. And the relation of the Hirota transformation and HB method is discussed.
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